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1. INTRODUCTION

{\ZIfhis report contains a complete engineering description of the first
computer program being developea by TRW Systems Group for NASA (MSC)
under Contract NAS9-4358, Development of Six (6) Computer Programs

for Analvtical Prediction of Delivered Specific Surpulse,

k[‘he objective of this contract is to develop a family of six computer
prografns to calculate inviscid, one-dimensional, and axisymmetric non-
equilibrium nozzle flow fields, Assuming that equilibrium conditions
exist in-the combustion chamber, these programs will calculate the non-
equilibrium nozzle expansion of propellant exhaust mixtures containing ;
the six elements: carbon, hydrcgen, oxygen, nitrogen, fluorine, chlorine,
and one metal element, either aluminum, beryllium, boron or lithium.,
These computer prograrrs will account for the nonequilibrium effects of
finite rate chemical reactions between gaseous combustion producfs and
velocity and thermal lags between gaseous and condensed combustion

products.

LI’he computer program described in this report calculates the inviscid
one-dimensional nonequilibrium nozzle expansion oi propeliant exhaust
mixturce containing the eix elements: carbon, hydrogen, oxygen, nitrogen,
fluorine, and chlorine. 7The computer program considers the 18 significant
gaseous species present in the exhaust mixtures of propeliants containing
these elements and the 3% chemical reactions (12 disscciation- recombina-
tion reactions and 27 binary exchange reactions) which can occur between
the exhaust producis. ‘The computer program is de/signted for engineering

use and is specified and programmed in a straighiforward manner to

" facilitate its uee as a gevelopment tool. In orde: to reduce the computation

time per case to a minimum, the program utilizes a second crder implicit
integration method. This integration rnethod has been durnonstrated to
reduce the computation time per case se\‘;"éf/alﬁc;rrc/l‘érs of magnitude when
directly compared with the cdfﬁputation times required utilizing standar\dm; :
explicit integration methods such as fourth order Runge-Kutta or Adams- ‘

Moulton methods.
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Section 2 contains a derivation of the equations governing the inviscid,
one-dimensional flow of a chemically reacting gas mixture in the form in

which they are integrated in the computer program.

Section 3 contains a brief discussion of the use of both implicit and
explicit integration methods to integrate relaxation equations, and a com-
plete derivation of the second order implicit integ*ration method used in the

computer program.

Section 4 contains a detailed engineering description cf all the calcu-

iations performed in the computer program,

At the completion and delivery of this computer program to NASA
(MSC), an updat‘ed version of this document describing the engineering
analyses, a similar document describing the programming and program -
logic, and a user's manual describing the use of the prgram will be -

delivered to NASA (MSC) to complete the program documentation.

O



2. CONSERVATION EQUATIONS

The conservation equations governing the inviscid one-dimensional
flow of reacting gas mixtures have been given by Hirshfelder, Curtiss
and Byrd.‘ ) Penaer(‘) and others. The basic assumptions made in

deriving these conservation equations are:

°

¢ There are no mass or =znergy lossesifr‘om the system.
® The gas is inviscid.
e Each component of the gas is a perfect gas.

e The internal degrees of freedom (translational, rotational

- and vibrational) of each component of the gas are in
equilibrium. '

" The coneervation equations are presehted here in the form used in the

present analysis.-

‘For each comporent_of the gas the continuity equation is . 5
- - i(p.Va-) = w.T*a (2-1) |
- dx '"i- i
where t7,e' axial coordinate (x) has been normalized with the throat radius.
Summing over all components of the mixture, the overall coatinuity

equation is obtained

S(pva) =0 ' -2

By use of the above equation, Equation (2-1) can be rewritten as

ax - pV - (2-3)
'I‘lée momcntum equation is ’
L &v ,aP _ . e
(pv-a-xﬁ-‘i'a;--or - B (2 4);



The energy equation is

1.2 _ i
h + Z»V = Hc (2-5)
where
g %
h = .L‘ clhl (2‘53.‘
i=1l
and
T
h1 f - C .dT +'h {2-5b)
2 9D 3 . .
For each component ol the gax, u;&v:(;«iﬁa‘gizicn of state is
- _ ‘
) P = Ry (2-6)
Sumrnmg over all ”Hmponents of the mixture, %11.«\ > - erah equatlon of “:. .
- state is obtained ., ' C SR
P = pRT (2-7)"
where
fsy .
R=: ) oF (2-7a)

Since the expansion through a nozzle can be speéified either by the expan-
sion process or by the.nozzle ge';)meti'y, two forms, of the above equations -

are of interest.

If the expansmn process is specified and the Ppressure is known as

... a function of distanze through the nozzle, the above equ.atzons become

C. AN

a

, S “(2-8)
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and
I
C =Y cC .. (2-17¢)

The first set of eguations is completely specified at the sonic
peint while the second set of equations is singular. Thus, if the expan-
sion through the nozzle is specified by the pressure distribution, the
equatione governing the expansion can be directly integrated through the
sonic point without mathematical difficulty. The expansion from the
chamber through the sonic point is specified by the pressure distribution
in the present program in order to eliminate numerical difficulties at the
scnic point. In the expansion section downstream of the sonic point,
however, the area variation is specified and the second set of equations

is integrated through the supersonic expansion section.

In specifying the nozzle pressure distribution from the chamber
through the sonic peint, rather tﬁan the known area distribution, a
question naturally arises regarding how accurately the calculation rep-
resents the flow through a specified nozzle geometry. It has been shown
by Bray(3) and others that the pressure distribution through a nozzle is
essentially identical with the equilibrium pressure distribution up to the
freeze point which generally cccurs downstream of the throat (or sonic
point). Thus, the difference in the expansion and predicted perforinance
caused by utilizing the equilibrium pressure distribution rather than the
nozzle geornetry to specify the expansion from the chamber to the sonic
point is negligible. If a case does arise in which the equilibrium pres-
sure distribution is not an adequate representation of the expansion, the
pressure distribution can be iterated to obtain the correct pressure
distribution. Experience has shown that this is rarely if ever required,

however.

Assuming that equilibrium conditions exist ir the combustion
chamber, the present program has been written to calculate the non- -
equilibrium nozzle expansion of propellant exhaust mixtures containing

the six elements: carbon, hydrogen, oxygen, nitrogen, fluorine and chorine.
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Gold(4) has established that the 18 species and 39 chemical reactions

(12 dissociation-recombination reactions and 27 binary exchange reactions)
given in Tables 2-1 and 2-Z need to be considered in calculating the non-
equilibrium nozzle expansions of propellant exhaust mixtures containing
the above six elements. Considering these species and chemical reacticns,
the net species production rates (wi) for each species considered by the

program are.

For COZ’

) = -44.011 p° [xl P Xt Xy, - X - xu] (2-18)
For HZO’

w, = -18.016 0 [x?_+x15+xm+x17 -x31:| (2-19)
For CO,

w; = 28.011 p° [xl S Xy X g+ X, - 2K - X (2-20)

" Xag - X1 - %22

For Clz,

wy = -70. 914 p? [x4 - X, - x24] (2-21)
For FZ’

wg = -38.000 p° [Xs - X, - ng:] (2-22)
For HCI,

wg = -36.465 ol [xb S X X 2K X - X, - x32]

(2-23)

2-5
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Table 2-1. Chemical Species Considered in the Program

Species : Chemical
Numbexr SEecies
1 CO2
2 HZO
3 CcoO
4 ClZ
5 F2
6 HC1
7 HF
8 H‘2
9 NZ
10 NO
11 OH
12 O2
13 C
14 Cl
15 F
16 H
17 N
18 O

2«6



Table z~2. Chemical Reaction Considsred in the Program

Reaction Reaction
Number Chemical Reaction Number Chemical Reaction

1 COZ+M-'o'ZCO+O+M 21 CO+NO-."'-=COZ+N
2 HZO+M$OH+H+M 22 CO+O-‘-1'.C+O2

3 CO+Ma&=C+0+M 23 I-ICZl-f'Cl=H+C12
4 Cl2 + Ma&*= 2C1 +M 24 HCl1 + HC].-'-'-—"H2 + Cl2
5 F,+MI®=2F +M 25 HCl + O ==O0OH + Cl

6 HCl+M3*=H+Cl+M 26 HF + C1S==HCl + F

7 HF +t MS&S&®H+F +M 27 HF-#-F..—.-?;.H-PFZ

8 H, + M¥=2H + M 28 HF + H&=H, + F

9 N2+M-‘_—"2N+M 29 HF+HF2HZ+F2
10 NO+MS=N+0O+M 30 HF + O===OH + F

11 OBE+M==0+H+M 31 HF + OH S=H,0 +F .-
12 O, +MT=20+M 32 H, + CLS=HCl + H -
13 CO, + X ¥=CO + OH 33 H, +OS=OH +H

14 CO, +O==CO + o, 34 H, + O,3== 20H

15 H,O + Cl&~=OH + HCl 35 N, + OS=NO + N

16 HZO + I HTSE=O0H + HZ 38 N2 + OZ".::_”ZNO

17 HZO+O=2OH 37 NO+HS=N + OH

18 CO+CO=—--"COZ + C 38 NO+QzN+OZ

19 CO+HS=C + OH 39 02+H="—CH+O
20 CO+NS=EC +NO

7



For HF,

o, = -20.008 p2[x7+x * X7+ Xpg + 2XKp0 + Xyo 4 X ]

26 27
(2-24)

For HZ’

_ 2
wg = -2.016p [Xs X - Ky - Kpg - Ko ¥ Xyy + Xy +x3‘£]

(2-25)
For NZ’
w, = -28.016 p2 IX_ +X,_ +X (2-26)
5 ' (X9 + X35+ X3¢
For NO,
_ 2 -
@y = 30,008 p [XIO Xyt Xpy - Xy - 2K + Xy + x38:|
(2-27)
For OH,
2
- ) -
wy, = 17.008 p [:x?_ X+ X 3+ X X 42K X 0+ X,
T Xy - Xy + Xyt 2K, + Xy ¥ x39:|
(2-28)
For OZ'
-~ N 2 " bl :
wy, = -32.000 p [xlz Xy, - Xy, H Ky + Xy - Ko b x39_]

(2-29)
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For C,

w5 = 12,011 p* [x3 +x18+x19+x20+x22] (2-30)
For le
Wy, = 35.457 p° Ex4 PR -X | -X, t XKy - Xy -X] (2-31)
For F,
w)g = 19.000 p° E.xs * Xy + Xy - Kpq + g + X0 4 Xgp) (2-32)
For H,
wyg = 1.008 pz[xz +X + X 2K+ Xy Xy - X - X o+ X,
tXpp - Xpg v X3p T Xy3 - X3q - X39]
(2-33)
For N,
wy, = 14.008 p? Exg FX - Xy Ky X+ Xy, +'x3SJ
' (2-34)
For O,
wg = 16.006 pz[xl +X, HX 0K F 2K, - X, - X, -,

- Xyg ~ K39~ X33 - Xy - Xyg ¥ X39]>
(2-35)
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where the net production rate for each reaction (Xj) consgidered by the

program is:

Reaction 1, CO +tMI=CO+0C+M

Xl = [chl - PC3Cyg Mlkl

Reaction 2, HZO +tMSSEOH+H+M

EKZC Jagtiel: Mok,
Reaction 3, CO+ M@*C +0+M
Xy = [K3C3 " Pe12%)8 | Msks
Reaction 4, Cl, + M3=2C1 + M
= [K4°4 - P°%4:]M4k4
Reaction 5, ¥, + MS= 2F +M
[Ks‘:" - "Ci‘s] Mk
2

Reaction 6, HCl +t MS*H +Cl+ M

Xe = [K6°6 " PC14%16] Meke

Reaction 7, HF + MS*EH +F + M
[K7°7 " 215¢16 | M7¥q

Reaction 8, Hz +MSE=2HH+M

[KZ 8 ”pc16 M k

2=10

(2-36)

(2-37)

{2-38)

(2-39)

(2-40)

(2-41)

(2-42)

(2-43)



Reaction 9, N2 +MSFET2N+M

K = [K9°9 - P°%7JM91‘9
Reaction 10, NO+M==N + O + M
[K9°10 Py 18] Mio*10
Reaction 11, OH+ MS= O +H+M
X5 = [Kucn " PC16C18 [ M1k

Reaction 12, O2 MIT20+ M

. 2
X2 © |:K12°12 - P°18]M12k12

Reaction 13, CO, + HE=CO + OH

X3 ° [:K13°1°16 - c3‘:11_]1‘13

Reaction 14, COZ +0F=CO+ O2

rK14 1°18 ~ 3°12:]k14

Reaction 15, HZO + Cl3= HC1 + OH

-

k

X5 = I:K15°2°14 " C6C11|*1s.

Reaction 16, HZO + I-I-.""_'.'.V,I-I2 + OH
X6 = [K16°z°16 - CSCll] k16

* Reaction 17, H,0 + O==*=20H

7

2-11

N R 27,
X7 = E{ncz‘ls - °11_|;k17 a

(2-44)

(2-45)

(2-46)

(2-47)

(2-48)
(2-49)

(2-50)

M (é-51)

(2-52)



Reaction 18, 2C0 ==

= CO, +C

2

Lo

Reaction 19, CO+ HZ*= OH + C

X9 = [K19°3°16 -c

Reaction 20, CO+ NG=NO + C

X50 = [K20°3°17 -c

Reaction 21, CO+ NOS=CO, + N

X52 I:KZZCSCIS -c

2

X, = [K21¢3°10 - ¢

Reaction 22, CO+ 0= 0O, +C

2 =z

Reaction 23, HCl + Cl=*= Cl, + H

Reaction 24, 2HCl &=

5 -

OH+C1

Reaction 26, HF + CI S=HCL +F

_ z
X18 = I‘KIBC:% - ‘“1°1:;] k)8

11°13_J kig

1013 ¥20

117 1¥21

12€13] ¥,

X3 = [K23°6°14 - ‘?4°16] kg

Cl, +H

o

= oy ,
X24 = I:K24°6 - °4C8:lk24\.
Reaction 25, HCl + O ===

= |- - ‘ 14
X25 = [Kzs%cls °11%14 | %25

[KZb 714 ~ ©6°] s:lkzé

vl

2-12

(2-53)

(2-55)

(e-50)

(2-57)

{2-58)

(2-59)
(2-60)

(2-61)



Reaction 27,

Reaction 28,

Reaction 29,

Reac;tion 30,

Reaction 31,

Reaction 32,

Reaction 33,

Reacticn 34,

4

Reaction 35

’Y‘z

HF+F2F2+H

[K27 7¢15

HF+H2H2+F

=T
X,8 LK28c7C16

2HF 3= F, + H,
['A

) 2
X9 = [K29°7
HF + O==OH + F

[K3o 7€

HF + onH, O+F

[Ksl 7€11 ~

H24+ Cl==HCl +H

X3 = [K3298°14

'H2‘+o-";_-_0H+H

X33 = |:K3368°18;‘ c

HZ. + OZ:ZOH

X34 = [K34C3C12 -

N, + 0O==NO + N

Xy = [‘{3599" 18

- c5¢ 0] Ky

- CgCy5ikag

- °5‘:3]k29

°11°15] k10
°z°15-‘ ki)

- e4e16 | K32

= °1o°1,i] kg

%2.

11%16 %3

(2-62)

(2-63)

(2-64)

'(2-65)
(2-66}:
(2-67). -
(2-68)

: (7{*69)‘

-0



Reaction 36, N2 + 07 <+=2NC

_ 2 .-
X36 = [K36°9°12 - °10:|k36 (2-71)

Reaction 37, NO+ H ;’ZOH + N

K37 = IK37 10616 ~ 11“17]1‘37 (2-72)
Reaction 38, NO + O :_"'OZ + N
X3g = [K38°10°18 - C12°17:| kig (2-73)

Reaction 39, OZ +HZ*®CH+O

X39 = [K39°12C16 - °;1°1£;_-|1fs9 (2-74)

The d1ssoc1at10n recombmatmn reactlons have a distinct reactmn

4

rate associated w:th each third body. Benson and Fueno( ) have shown
that the tempe ature dependence ot recombination rates is. approx1mately

T 1ndependent of the third body. Thus the rates associated with each

: third body can be cons1ders-d by calculatlng the third bhody term (M ) as

18 : ’
= '21 m; ;¢ - (2-75)
i= Pt -

‘where mJ : is the ratin of the recomblnatmn rate associated with the ith

spec1es (third body) and the recombmatmn rate (k ) associated with the

reference species (thlrd body) in th calculatwn.

In summary, a.esummg that equilibrium condl.xons emst in the
chamber, the progro,m calculates the nonequnlbrlum expansion of pro-

pellant exhaust mixtures. containing the 91x elements: c«.r!‘ an, hydrogen,

7' oxygen, nitrogen, fluorine and chlorme. The 18 speczes and 39 chemical

reactions (12 dxssorlatlon recombmatxon reactmns and 27 bmary exchange

reactions) gwen in Tables 2- land2-2 are. consldered in the nonequilibruim

‘expansion cal‘culatxon,. The expansmn process from the chamber through
- the:throat.is spec1f1ed by | the presaure chstnbut;on through the nozzle and

2

A thesetofeqpatmns T ._; R C



dc. W, r¥
i

= oy ¢ i=12 0, L6 (2-8)
av _ _ 1 dP i}
= TPV dx (2-9)
o _ ,
-[FE -4
-11 4dP ’ ‘
el bt X ]T (2-11)

are integrated from the chamber through the sonic pomnt. In the expansion
section downstream of the sonic poiat, the area variation is specified and

the set of equations

dc. w‘i‘r*

-a;{& = PV s 1 =1,2, -, 18. : (2-]"2)
4V _ [i’éi - ]____'v‘ - «v (2-13)
dx ~ |.a dx MZ o1 .
¢’ - -2 ] ) .
ée«-[léé. 'AJ‘M ]
- -2 p B »(& 14)‘ -
wEE AT Y
r~- ‘ - 2 ’ : K
; daT 1 da M :
=== -{(I=3= - A|—=—— -B\T (2-15)
dx |8 dx Imé - L i
— i - < 2 ¥ ~ . B xs;
& . (1.4 _Yil\é_ P (2-16) .
K AME -1 L

are integrated to the nozzle exit.

The above equations are all of the form

- e e ‘ PR
y - ‘ . , CoeT T : -

T S H ey eiE e ns (2076

- The numerical methed used in the prdgr,a,g}nlte integrate these equationa:
is described in detail in S’ection 3. Al czlculations performed in the

~

‘pro\girg,m are described in Séc‘tiqn,-é. -

Cooels L e



3. NUMERICAL INTEGRATION METHOD

It has been shown by Tyson(é)

that in the numerical integration of
relaxation equations in near equilibrium flow regions (such as the chamber
and nozzle inlet in rocket engines), explicit int:gration rnethods are un-
stable unless the integration step size is of the crder of the characteristic
relaxation distance of the relaxation equaticns. Since the characteristic
relaxation distance is orders of magnitude smaller than the characteristic
physical dimensions of the system of interest (such as the nozzle throat
diameter and length) in near equilibrium flow regions, the use of explicit
methods to integrate relaxation equations in these regions resuilts in ex-
cessively long computation times. Implicit integratior. methods were

sl .n to be inherently stable in integrating relaxation equations in all
flow situations (whether near equilibrium or frozen) and can tbus be used
to integrate with step sizes of th- order of the physical dimensions of the
system of interest throughout the integration reducing the computation
time per case severzl orders of magnitude, Sincz it has been demon-
strated that there are significant advantages in using implicit rather than
explicit integration methods for integrating relaxation equations, a second
order implicit integration method has been chosen for use in TRW/NASA

One-Dimensional Nonequilibrium Performance Programs.
3.1 STABILITY CONSIDERATIONS

The numerical considerations leading to the above conclusions can
be iilustrated by considering the simple relaxation equation
Y- Ye

= - (3-1)

35

which represents the relaxation toward equilibrium of chemical reactions,
gas particle lags, etc. Ia this equation, Ve is the equilibrium condition
and T is the characteristic relaxation distance of the equation. In the
equilibrium limit, T is very small compared to the physical dimensions of
the system of interest while in the frozen limit, 7, is very large compared

to the physical dimensions of the system of interest. The mathematical

3-1



behavior of solutions to the above equation can be found by considering

the simple case where T is constant and

Ve = Voo 1 2alx - %) (3=2)

€ €0

which is equivalent to terminating the Taylor series for Ve after the first

term. The exact solution of Equation (3-1) for this case can be shown to be

~

y(xo + h} = y(xo) + [Yeo - Y(XO) - a-r] [1 - e-h/ T] + ah (3=3)

where y(xo) is the initial value of y and h is the integration step.

It is seen that the solution consists of two parts, a term which varies
slowly with x and a term which exponentially decays with a relaxation
length of r, the chairacteristic relaxation length of Equation (3-1). Thus

after a few relaxation lengths

y(x) > Yeo + ah, hesrT (3-4)

which is independent of y(xo) the initial condition. Since explicit integra-
tion methods construct the solution of Equation(3-1)as a Taylor series about
the initial condition y(xo), the above example indicates that explicit inte-
gration methods should be limited to step sizes of the order of a few relaxa-

tion lengths.

That this is indeed the case can be shown by explicitly integrating
Equation (3-1) using Euler's method. The explicit finite difference form

of Equation (3~1) is then

ylx_ +h) - y(x ) _ Yxg) - Veq

h T (3-5)
which yields the truncated Taylor series
= h h
y(xo +h) = y(xo) (1 - 'r) *VYeo T (3-6)

when solved for y(xo + h). After n integration steps, it is found that
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n n -n-i
y(x_ +nb) = y(x ) [1 - %] + Y [yeo F(i-1) ah] [ - %} }5 (3-7)

i=1

Exeinination of this equation shows that the dependence on the initial condi-
tion y(xo) will decay only if Ii - h/-r|< 1, otherwise y(xo + nh) will oscillate
with rapidly increasing amplitude. Hence the calculation will be stable
only if h/ T < 2. Similar results are cbtained for other explicit integration
methods. (The stable step size for Runge-Kutta integrations is /7 =5.6.)
Thus the stable step size for expiicit integration of relaxation equations is
of the order of the relaxation distance which explains the large computation
times associated with =2xplicit integration of relaxation equations in near
equilibrium flow regions. As shown below, the use of implicit integration
methods allows the integration of relaxation equations on a step size which

is independent of the relaxation length.

Implicitly integrating Equation (3-1) using Euler's method, the finite

difference form of Equation (3-1) is

- €eo

y(x_ +h) - y(x ) y(x +h)-y -ah
o - o ) . ( (3-8)

which yields

h
y(x_ )+ (y__+ah)=
o go T (3-9)
-1-.'

y(x +Db) =
© 1+

when solved for y(xo + h). After n integration steps it is found that

y(xo ¢ nh - y(xo) n Veo + iah h

hlR * igl h nti-i 7+
T T

Examination of this equation shows th2t the dependence on the initial con-

(3-10)

dition y(xo) always decays, regardler; of the step size. Hence the im-
plicit calculation will always be stable. As an extreme example, consider

one integration step, h = x - X . From Equation (3-9), it is seen that

y(x)gyeo-!-ah » hexT {3-11)
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when the step size is large compared to the relaxation length and

Al

+ -+ +, h =<x (3-12)
o

when the step size is small compared to the relaxation length.

It is seen that in the equilibrium limit (v small, h/T large) the
exact solution and the implicit integration of the relaxation equation go
to the same limit which is independent of the relaxation distance and de-
pends only on the rate of change cif the equilibrium condition. In the
frozen case (7 large and h/~ smali) the implicit and explicit methods
are essentially the same (terminated Taylor series). Thus, implicit
numerical integration methods can be used to integrate relaxation equa-
tions using step sizes of the order of the physical dimensions of the sys-
tem of interest in all flow situations whether near equilibrium or near
irozen. For a complete discussion of the numerical integration of relaxa-~

tion equations, the reader is referred to Reference (6).

In choosing a numerical integration method, the primary items of
concern are the stability, accuracy and simplicity of the method. As

shown by Tyson( 1

and discussed above, implicit methods are to be pre-
ferred for numerically integrating relaxation equations due to theif inher-
ent stability., Having chosen the basic integration method for stability
reasons, the order of the integ ation method is determined by accuracy
and simplicity considerations. In general, the higher the order of the
integration method, the more complex the method becomes requiring
more information in the form of past values or past derivatives of the
function being integrated. Second order methods (accurate to h2 with
error of order h3) have the advantage of simplicity and flexibility since
they do not require past values of the function or its derivatives while
ietaining sufficient accuracy to allow the use of reasonably economical
step sizes. It is also desired to use this numerical integration method in
characteristic me: " calculations which are inherently limited to second
order accuracy. For these reasons, a second order implicit numerical
integration method derived below was chosen for use in the TRW/NASA
One-Dimensional Nonequilibrium Performance Programs. A complete
derivation of this numerical integration method is given in the following

section.
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3.2 DERIVATION OF WUMERICAL INTIEGRATION METHOD

Consider the coupled set of first order simultaneous differential

equations.

dyi ) .
— D fi(x,)i,qoo

I= i=12,.--, N

, YN) ,

(3-13)

It will be assumed that the equaticus are not singular and that a solution

exists which may be developed as a Tavlor series about the forward point

dy. a?y. 2 a’y. aty. 4
k = __1 h - 1 p.._-{- 1 h 1 h_+
i dx d‘Z .2 dx3 o ;;Z 4
x +h X Ix +h x +h x +h
n n n n

where k, is the increment in Y, and h is sufficiently smalil.

coefficients of the Taylor series may be calculated as

dyi

T - Ly o vy

dzy. N

—r ot LB

dx ! i=1 1:3)
where

fl = fl(x’y, v, YN)

< +(3-14)

The first two

(32-15)

(3-16)

(3-17a)

(3-17b)

(3-17¢)

These coefficients must be evaluated implicitly by iteration since they are

functions of the unknowns, yi(xn+h).

about the point x it is found that as a first approximately

Expanding them as a Taylor series



RR A

dy. N
1 - (P) I "_
=1  fiat 2 Bi,in 0(h?) (3-18)
Ix +h -
n
2 | (P)
——Zd i If foate bt S 5. 1P |4 ogny(3-19
‘31 J n n aj;n Z pj)f J3 * ( ! )
dx x +h : £=1

where the subscript n refers to the functions f » a, and B; ij evaluated at

the point x and k( ) is the predicted value of the increment k Substitut-

ing the predzcted derlvatlves into Equation (3-14) yields the predxctor
equation

2 N
(P) _ h
k[T =f h+a, + L B

j=1 »jom J jon jon 2
S ® e2) LY n3 3
-IZI j:!ankl —2— +dx3 z_+E(h )+.'.. (3’20)
x +h
n

where the error term E(h3) of order h3 has been introduced chrough the
use of the predicted derivatives at the forward point {Equations (3-18)
and (3- 19)]. Neglecting the third order error and derivative terms and

solving the set of N linear nonhomogeneous algebraic equations-

2 P8 N L) (P)
( ~ﬁi,i,nh+ﬁ1,1,n 2) Z (1-613)ﬁ1_]n( } ;1 ﬁi,j:n? k.

h

N ) 2
h =
‘(1'ﬁi,i,nf)(fi,n*"ai,nh)h' 2(1-6 );31 J,n J n+°i nh)T (3-21)

J 3

where 6ij is the Kronecker delta thus yields a second order implicit solution

of the above coupled set of first order simultaneous differential equations.
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By using the predicted increments k( ) and iterating once, the error

term E(h ) may be eliminated and the absolute error in the integration

estimated. The corrected estimates for the first two term.s in the Taylor

series expansion are

(C)
dy. N
— (C) _ (P) 6
= . k. -k, + 0(h 3-22
dx % +h 1 nti g i, J,n+1[3 i (h™) ( )
n
. |© | .
d7y. N
: = ( (C)_, (P) 3,
2 et b LB gnet(Gaett L pj,i,n‘HE(f -k, :l HoG)
dx +h J_l 2=1
x :

(3-23)

where the subscript nt!l vefers to the functions fj, x; and Bi, j evaluated

at the point X +h using the predlcted increments k( ) and kj {C )1s the cor-

rected value of the increment kr Substituting the corrected derivatives

‘into Equation (3-14) yields the corrector equation

2 N ' - 2.
(C) _ ' h® (C) _, (P)|_ h
k - f:1 ntt "%, ntl 2 F 'gl I’:xi,‘,,n+1 h kj kj fj,n+1 Vi
N (Cy . (PYn " a’y, n3
-1; ﬁj,z,nu[kz - Ky ]“z“ t—7 T oo (324

Adx x_+h
n

The error term E(h ) is eliminated in the Taylor senes expansmn through

use of the corrected derivatives. _ Thus, solving the set of N-linear non-
homogeneous algebraic equations l
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N
Y- (C)
G-pi,i.rﬂ-ih pa:lan"'i Z)k Jg (1 6 )ﬁlaan"'l(i

h}, (C)
p1,‘],n+1 ?)kj h

2 2

= h h h
i (1-ﬁi'i'n“7)f1'n“ J_Z (1-8; )‘3 ;ontt 5, nt1 2 " %,nt1 2
N ' N
h (P)

yields a corrected second order solution of the above coupled set of first

crder simultaneous differential equations,

The error associated with the integration is -

dy. | 3 ‘
ki - ki(C) = ___3-1— ] XIF + oo - (3‘.26) ‘
dx X _+h , : .
n
which can be wriiten as
-
2 2
k_k(c):idyl _dyi h3+..
i. i h 2 2 6

dx dx . .

x +h xn

“1%a* & Pign Gn (O e +j§1 Fsi.j.r_x+1fj.n+1/ 7t 3-2m)
) J

"to order h3. Thus, if it is desired to control the absolute fractional inte-

gration error

to within Gi’ then 'th_c-.‘inteération step size must satisfy the criteria K



1/2

65k C)
i
h= N N (3-28)
- g f
%, n * jgi ﬂi,j. n fj. n (ai, ntt T jgl pi. jonti 1'j, n+1)
In summary, solution of the predictor-corrector equations
N N
2 (P) . (P)
('ﬁi,i,nh+ﬁ1,1 nz)k .Z(i %3 )513 n( .T Pi, J,nZ)kJ
j=1 i=1
h N l‘.2 A
= (1 -‘3i, i, n:Z)(fi,n+ai, nn)h_jgi (1-5; )[31 iP n J, +ai,nh)'2— (3-29)

N t N
g% (C) ‘ {€)

h\, 2 W2 0
1P ine1 Z f1,n+1 JZ (1'6 )‘313 nti f] nt1 2 "%, nt1 2 - 7,

™2

t % BBy o (3:30‘
j lﬂi,j,n+1 -i=1p1 jon+t 2 )7 : -30)

yields a.second order implicit4splu.tion of the coupled set of first order

simultaneous differential equations

dy. = :
i_ . - . -
——— fi(x’ Yl, LRI YN) oy 1= 1' 2, LR I N ’ _(3-31)

with a fractional incremental error of

\ / -

61=ki6 i Z i,j,n J, o‘i,n-l,-l Z i, J,n+1 1,n+1 '5— (3 32)
i =1 j=1 _ , o
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Inversion of the e

66,k (C)
11

rror equation allows the determination of maximum
allowable step size

i/2

a. +
i,n

i
L J

N
B
=1

i

N
- £
yJs 1 fj,n %4, n+l + jgi 'Bi,j,n-*-‘. “j, nt

\ (3-33)

)

which will maintain the incremental erroxr per step within specified limits,
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; . 4, PROGRAM SUBROUTINES

The program internally calculates in engineering units (lbm, ft,
sec, oR) where the poundal has been chosen as the unit of force in order

to eliminate conversion constants in the calculations,

The engineering nomenclature used in derivir o the conservatiou
equations {described in Section 2) and the integration method (described
in Section 3) has been retained in specifying the program subroutines so
that all caiculaiions peiformed in the program can be readily related to
the equations being solved. The program has been organized into seven
subroutines to separate logically independent calculations in orcder to
facilitate programming and program checkout. The logical and caicula-

tional functions are rummarized below:
L3 e The Input Subroutine (described in Section 4.1) processes the
.input data, converts the data to the proper units, stores the
converted data and c/]rulates those_quantities required during
o the nozzle integraticins.

; : ' - ® The Derivative Evaluation Subroutme (descnbed in Section 4.2)
‘ , ‘ calculates the derivatives and partial derivatives of the chem-
o "~ ical relaxation equations and the fluid dynamic equations '
- which are used in tne mtegratlon Subroutme.
[¢] u
. ® The Integratmn Subroutme (aoscmbed in Sectwn 4.3) integrates
@ o * -~ the chemical relaxation equations and the fluia dynamic equa-
o - ~ - tions usmg the second order implicit integration method
' denved in Section 3. |

e The S,pecies 'I‘hermal Function Subroutine (described in Sec-
- tion 4.4) calculates the required species thermal functions
from the input thermodynamic data.

- @ The Equilibrium Function Subroutine (described in Section 4. 5)
calculates the réquired equilibrium functmn for the dissociation-
recombmatmn reactions. L

e The Gas Thermal Function Subroutine (described in Section 4. 6)
‘ calculates the required gas mixture thermal properties.

. N .. e Thc Output Sunroutme (descnbed in Sectmn 4 7) processes
T - the output data, convgrts the data to-the. proper units and
’ esalcula.tes the requi.ed output quant1t1es.

’“ : ‘ A detailed descrlptlon of the calculatlons per,formpd 1n~th¢se sub-

routmes is glven in the Eollowmg sectlons.

J




4.1 INPUT SUBROUTINE

Thig subroutine processes the input data, <cuverts the data to the
proper units, stores the converted data and calculates those quantities
required during the nozzle integration. There calculations are perfcrmed

in the following order:
e The species gas constants are calculated

e The species thermal functions are input, converted frown
chemists’ units to the units in which the program conmipntes,
and stored -

e The terhperature derivatives of the species thermal functions
are caiculated and stored

® The heat of reaction for each of the recombination reactions
is calculated ‘

® Tle reaction rates are input, converted frori chemists'
units to the units in which the program computes, and
stored

> ' 0

e Er AN A N N A

e The care data are input ;nd those quantities requifed - :
_ during the nozzle integration are calculgted _ -
E The calculations performed by this subro.atine are described. in the
§ following sections. .
i 4.1, 1 Species Gaé Constant Calculation /
’z - The species gas constants are calculated from the following
\ relationships: , T
éé K, = 1129.74 Rjp = 1656.92 |
R, = 2759.82 Ry = 292339 E
R, = 1775.05 : 4R1‘2’= 11553.78 | T
t R, = 701.15 Ry, = 4139.62 |
Ry = 1308.45 R, = 1402.29
5 L Ry = 1363.53 Ryg'= 2616,89 . :
R, = 248506 | Ry, = 49326.4 ’
Rg = 24663.2 | Ry, = 3549.47 ”
Ry = 4774, 74 Rg = 307,56

i T e
- B i RS




4, 1.2 Species Thermal Functions Input and Conversion

The species thermazal functions tabulated at 100°K temperature
increments between 100°K and 5000°K in the JANAF thermochemical
tables are input and converted to a set of tables in the required units
which include the enthalpy of formation. Using the JANAF romenclature,

the converted tables are calculated from

O -
Fo_ 1o 1000 (H Hg%)
e oo L ¥ " Mags | o 12 18
i = T1.98726 T T » 1= L6700,
i

N 15) 0 [0 ° o . L.
h, = 905. 770RiE-I - Hygg (H H298/0 + AHF:L . i=1,2,---,18

_ 1 o Lo
Coi = 1.9872% Cpli » i=1,2,00,18

and stored as functions of temperature at 180°R termperature increments

between 180°R and 9000°R.

4. 1.3 Species Thermal Function Temperature Derivative Calculation

At each temperature between 180°R and 9000“R, the species thermal

function temperature derivatives are calculated from

dc_. 1 [ I y
: - 4C . _3C . -C..

dT |yg9 360 | Pl‘360 Pi|jgg Pi 480J

a’c ) [ ]

—p = C ‘ - 2C | +C I

ar® | o0 64800 | “pi g4 Pij3¢0  Pl|;gg

_pi| - _c.l -c.l , 360 =T = 8820
dT | ~ 360 | “pi|py4g0  Pi|r_180

a*c i { [ ]
—Pp - tlc ‘ -2¢C ‘ +C I . 360 =T = 8820
ar® | 64400 “pi|p, g9  Pilp Pi|p_ygg

43



- 3G | - 4C . +C l
dT lagoo  3°0 | "Pilgpoo  Piigszo0  Piigs4o
dzc i 1 r !
—5 x c . _2C . + C |
at {0000 54800 L Pilggoo  Pilgszo  Pilgeao
dh.
i = C l
dT {1 = “pilg
a°h. ac .
1 - P}
3 3T
at |, T
dF. F.-h
1 = 1 1
T |p T g
dZFi C_.
aT? T T i

and stored with the species thermal functions.

4,1,4 Heat of Reaction Calculation

The heat of reaction for each of the recombination reactions is

calculated from the following relationships:

o o o
i 905. 770 [AHF, 3 + AHF, 18 " AHF, 1:]

2

AH, = 905.770 [AHS  + AHC . - AHC
2 - . " 1 F, 16 F,2
) a0 [ A 0O AO
AH, = 905. 770 AH;,’ (3 AHL o AHF’3:]




AH, = 905.770 LZAH; 4" AHF,Q_

AH, = 905.770 :ZAH;’ 15 - AHp Sj

AH, = 905.770 :AH;,’ (4t AHY | - AHp 6}
AH, = 905.770 :AH;, (5 +AHL o - AHE 7~l
AHg = 905.770 ;’-AH%, 16 = AHp, 8]

AHg = 90E. 770 -ZAH;,' {7 - AHL 9]
AH,, = 905.770 [AH%, g7+ AHY g - AHP 10]
AH,, = 905.77¢ iAH;’,’ (o * AHD o - AHD “:

_ P _ o}
AH12 = 905. 770 ZAHF’ 18 AHF, 12]

4. 1.5 Reaction Rate Input and Conversion

The reaction rate parameters aj, nj and bj are input and converted
to the required units. (Since the reaction rate parameter n. is a dimen-
sionless temperature exponent, it does not require conversion.) The
converted reaction rate paraimneters are calculated from the fcllowing

relationships:
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1]

905.770 b! , j

0.59305 -10-6(1.8)
0. 15503 -
0.13830 -
0.21140 -
0. 73626 -
0. 74366 -
0.13878 -
0.26158 -

0. 13545 -

v, 11859 -
0. 16480 -
0.10382 -

0. 55790 -

’ n
0.29652 1q‘§(1.8) 14

-4

10 (1.

-5

10 “(1.

10‘6(1.

10'6(1.

1072(1.

-4

10”%(1.

-3

10 “(1.

1672(1.

10‘5(1.

1074

(1.
107(1,

10781,

4-6

= 1,2,"'

n1 '
24

n

12
8) ai,

n
8)13 a'

aly

13

-39



LA

1]

0. 42856 -

0.77517 -

0.91882 -

0. 1301t .

0.73743 -

0.43112 -

0.69153 -

0.37183 -

0. 18592 -

0.44074 -

0.38363 -

0.69389 -

0.62389 -

0.34695 *

. 107%(1. 8)

10“6(1.8)

n
10‘6(1.8)

n

10721, 8) 16

n
10'6(1.8)

g

n

1072(1. 8y 19

n
107%(1. 8) 20

n

10'6(1.8)
a2
n

1073(1. 8y 23

n

1073(1. 8) 24

n
10-8(1. 8) 25

n
10761, 8) 2©

n
10721, 8) 27

n
1072(1. g) 28

n
1073¢1., 8) 29

I R

15

17

21
a

227

alg

1
246

]
a7

azs
a5y
1
225
aéb
1
228

1
329
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a,, = 0.82249 1

30
331

a32

a,, = 0.15503 - 1

33

= 0,77647 - 10'6(1.8)

0‘6(1.8.\

n

1

30 _,
30

34

- !
431

n

= 0.72310 - 107°(1.8) 32 a!

0" %1.8)

a.. = 0.91882 - 10°%(1. 8)

» T34

"

335

336

o
{

)
w
o

}

339

0.63230 - 10~ (1. 8)
-6

0.29516 - 10~ °(1. 8)

= 0.11156 - 107°(1.8) 37 a!
b

= 0.59294 - 10 °(1. 8)

' n .
0.97671 - 10~%(1. 8) 37 a:

n

32

33
“3

3

34 _,
234

35 |
a

35

~

36 _,
36

n
37

P38 Y
38

39

The reaction rate parameters m, ; are input and converted to the
’

required urits. The converted reaction rate parameters are calculated

from the following relationships:

m! :
m -‘-J——-——-”i
j, 1 44,011

i A TEJTZTE
m!’,3

L Cmde
L]

48

1:2:.' )18

1,2,---,_18

‘1,2,°°°, 18



5

J»

37

. 8

3,9

™10

m;11

m; 12

mj’ 13 =

mo14 T

™, 15

™y 16

1,2’000'18

1’2'.".-18

1,2,70+,18
. 1,2,°°°,18
1:2,"1_; 18
1318

1,2,+, 18
1’ Z’ T ’ 18

1,2, , 18



!
m, 17

m; 47 14,008 © J= 12,000, 18

m!

_ ™4, 18 ,
™18 T T’—1 .000 * J

4,1.6 Case Data Input and Corversion

1,2,0.., 18

The case data are input and the chamber pressure, the initia. pres-
sure and the nozzle throat radius are converted to the required units.

The converted quantities are calculated from

) P = 4633,056 P!
c c
P = 4633.056 P'
r¥ = L

12

If the initial species concentrations are input as mole fractions, the

23

required mass fractions are calculated -

c'i‘:ﬁ-.- —= ’ i=1’2:'..’18
‘ i c -
where . :
18 ¢!
- ”4~‘.‘ 1,
¢= L R
i=1 i

The case data are output to supply a permanent case record with the nozzle

integration results. - . . } ?



4,2 DERIVATIVE EVALUATION SUBROUTINE

Given the flow properties at a point, this subroutine calculates the

derivatives (fi) and partial derivatives (ai and pi j) cf the chemical relaxa-

tions equations and the fluid dynamic equations., These calculations are

performed in the following order:

The species free energy, enthalpy, heat capacity and

the heat capacity temperature derivative are calculated
using the Species Thermal Functica Subroutine (descrlbed
in Section 4 4).

The dissociation-recombination reaction equilibrium
constants and their tempsrature derivatives are calculated
using the Equilibrium Function Subroutine (described in
Section 4. 5). -

The mixture gas constant, heat capacity, gamma and the
partial derivatives of zjamma are calculated using the Gas
Thermal Function Subroutine {described in Section 4. ).

The contribution of the individual reactions to the net -
species production rate (X y and its partial deri vatlves
are calculated.

- The derivativés (f;) and partial- derivatives (aj and B4 j) of
, the chemical relaxation equations are calculated '

In the subsomc and- transomc nozzle 1n1et and fhroat, the -
pressure and its derivatives are calculated from the pres-
sure taktle by qdad*atlc mterpolatwn.

In the supersomc nozzle expansmn cone, the nozzle area .
and Mach number and their derivatives are calculated.

The diabatic heat addition terms coupling the chemical
relaxation equations and the fluid dynam1c equations are
calculated. : -

The derlva.tlves (£;) and part1a1 denvatwes (o,1 and [51 J) of
the ﬂuld dyna.mlc equatmns aré calculated. o .

‘A detailed description of these calculatmns is gwen in the followmg

sectlons.

4.2.1 Calculation of Xj and Its Partial Derivatives,

U =
"

N

~ 0

Feor the rearuons of interest, XJ and 1ts derwa.twes are calcﬁipted >

from the following- relatlons}nps'“ P .

v

o aeny L S

bt e 7 v

o



Reaction 1, CO2 +MEI=CO+C+M

~n, —b1/T

k1 = alT e
18

Mi = Z mi,lcl
=1

- N

X1 LK1C1 PC3Cyg M k1

BX1 Xl‘

_a_._cj = VI ml,j + 61’jK11>in]L«.1 - 63,jpc18M1k1
-6 M,k , j=i,2, 7+, 18

ax, . “dK, E1X,
1=cI\d‘k -‘-—-!-'n:*i--i'-—i—
BT L1711 dT 1T |T

Reaction 2, H,0 + M=ZOH + H+ M_

1

_PZ/T‘—-

z=[Kz°2" 11 16Mk
4 x2 S . o
"&J"" M, ™2, ] + 82, i%2Mks - 611,_jPC16M k

“B16,P 1Mok o
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Reaction 25, HC1 + O==OH + Cl
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Reaction 39, 02 + Ha= OH_ + O
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4.2.2 Calculation of f; and Bi, j for the Chemica' Relaxation Equations

For the species of interest, fi and ﬁi j for the chemical relaxat.ior
2 .

equations are calculated from the following relationships:
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" e o %o ox
3 \ , 98X
1 s | | ; 9X. . |
L 33 9Xg3q |
18 8‘::18 - Bc 9
m
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o1,

816,19 = - ¥ f16

5X, 98X, X 0X, 08X,
ﬁ1620=‘1"f16+ 16 2+ 6+ 7+2 8+ li‘l
, op dp dp ap o |
9X, 8X, 08X 8X, 0X X 85X X
5 _z 2 %o BXg ¥y By, WXy BXy B9
16,21 = Pl 3T t 3T t BT 5T 3T T 5T 5T
| Xy 9Xyy Xy 0y, 9Xyy 9Ky Xy
5T ' BT 5Tt 3Tt T 5T 5T
For N,
— _ 14.008
Ryp = —v— or*
f1- = Byq [_2X9 Xy "Xt X t Xy t Ryt Xss]
- | 9%g  #Xy, axu]
Byz,1 = ¥17)%5c * e, t He :
L ] 1 1
[ 8%y aXy47
Bi7,2 = K7 :‘acz + ac,J
T Xy 80X, 8X,, ax?_l‘{
Bi7,3 " K17125c7 * B, " 5e, t Be _J
L 3 3 3
- [.8%Xg  #X] :
8 =K. {2 ¥
17,4 17 i 8c4 8c4__
_ 8Xg 80X,
17,5 = Ky [25e. + Bc.
L. 5 5
_ X, awa
P17,6 = K17|? 5, * 5,
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P17,7

B17,8

17,10

Bi7,11

P17,12

17,13

P17,14

17,15

P17, 16

Bi7,17

Pi7,18

]

o d 9 10
K 2 +
17 ] Bc7 8c7 )
- -
% Zaxg.kaxlo
17.. ac8 8c8 ]
- 28X9'+8X10*_8X35
17 i 8c9 809 8c9
- FZ 38X, X X1y 9%y, \ 8X,, 98Xy, X 90Xy, X,
17 i aclo aclo ac10 aclo 8“10 8c10 8c10
7
= FZ 8X9 s an . 8X37
17 ] acl1 ac11 8c11_
- -
- 5 8X9 s axlo . 8X38
17 i ac12 ac12 aclz |
2 1 %9, o 9%,0 |
17 i 8013 8c13 8c13_
< 5 BX9 . axlo
17 dc oc
B 14 14 |
[ =
- 5 ax9 . axlo
17 acl4 8014d
- [2 %9 . 0, 8’»‘3.7]
17 8c16 8c16 8c16
g 1,229 %o o 8%, My Ky Xy
17 ] Bcl7 8c17 8c17 §c17 8c17 8c17 8c17
z |, %9 2o Xy Xy
17‘ 8018 ac18 6318 8°18
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p17, 19
ﬂ17.20

B17.21

For O,

18

18

ﬁ18, 1

Pis,2

Pis,3

B18,4

Bis,5

P1s,6

P18, 7

i

1]

1
-7 17
Ls +K ‘;ax9+axlo
p 17 17 Li ap op
g [, %%, o e Xy X3y 3Ky 8Ky
17 | 8T 8T 9T 9T 9T 9T 8T
16.000
Ks [xl TRy E R g H R P 2Ry - Ky - Kyg - Xy - Xy
" X3p m K33 - %y~ Kygt X39]
h
o 3 , 8X, , 8%, , o)) | , 0X), 0%y
18 _acl ac‘.1 801 acl acl 6¢y |
¥ & 68X .., |
_ [ex; ex, 8x,, 8X,, 8X,, X,
K18 ac + dc + ac t 3¢ t2 9c, = dc
| 9¢2 2 2 2 2 2 |
% axl . ax3, . 8x10 . 8X11 ) axlz ;BXH‘V GXZZ
18 Lac3 8c3 8c3 8c3 3c3 8c3, 8c3
_ [ex,  exy  exy,  aXy; 89Xy,
Kis ac e Y et ee t2 dc
| 4 4 4 4 4 |
- ﬂ &
_jex, ex, ex,, 08X, 08X,
K18 dc + oc + dc * oc 2 ‘8¢
| 8¢ 5 5 5 5
_ [ox, exg 8X,, oX, 08X, 83X,
K18 gc. 1 dc t e T e +2 9c, 8¢
| 92 6 6 6 6 6
- -
,axl 3x3 axw, .axu ale ‘8X30
K-18 ge. T 50 Y St 5e Y25o - ac.
| 9¢q 7 7 9% 7 9% |
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18, 8
B1s,9
P1s, 10

818,11

Bis, 12

P1s,13
P1s, 14
B1s,15
P18, 16

P18, 17

.
_ [ex, ex, 8X, 8X;, X, 98X, ]
K g st 5t he + 53 t2 5= = |
| 9¢g  Cg uCg oCg ‘8 °g |
= 0X, 8X, X, axni_zax12 8K 5,
18} ac dc + oc oc dc dc
| 99 9 9 9 9 9 |
_
_ [ex, 8X, X, 08X, Bx,, 8X;. 9Xg
Kiglse - * ac 5c . tec. t%%e 5c_ . ~ Be
L 9“10  “*10 10 10 10 10 10
_ ex, 8X, 09X, 98X, 8X,, 08X,
Kiglae - "3 se - tae - t%8c,. B¢
| %%y 9“1 “n ‘11 11 1°
8K, 0¥, 98Xy, , 8X 54
9c Y Y dc
11 11 11 11
= raxl \ 89X, @%10 80X, 80X, 98X,
18] 8¢ 9c..  Bc + dc te dc " dc
* L 12 12 12 12 12 12
0K,, 8X,g \ .9
" dc " Bc ac
12 12 12
_ [ex, 8X, 8X,, 98X, X, 8X,,
K18 ac + 8c ac + ac +2 dc " dc
[ 9€13 13 '13 13 13 13 |
B -
_ [ex, 9X,  8X,, X, 9X,, 98X,
Kig 5c. . T dc ac + dc t2 ac " dc
19€14 14 14 14 14 14 _
— [, 9X, 8X,, X, 8X,, 9Xj,
Kig gc.. T B ac t 3¢ té ac Y
°€15 15 15 15 ‘15 15 |
o [eX; ex, 8X;, X, 8X), 8X33 08Xy
Kigige * 3¢ dc. e T%%e. "9, e
°“16 16 16 16 16 16 16
_ [8x%, 8X, 8X,, 8X),  8X,, 80Xy, 8X,¢
Kigs|oe - * 3¢ bc. T e TP " B
*17 17 17 17 17 17
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. .\=E__l.3x1 s 89X, +fuﬂ+ix£+zaxlz_axl4_ax”

T18,18 = 18| dc)q  Beyg  B3g BG4 dc1g  8c1g  Oc)g
BX,, 8%, 90Xy, 8Xyy 8Ky Xy, 90Xy
8018 ac18 ac18 8c18 8c18 acls BCISJ

1
Big,19 = -~ ¥ 18
.
. T e T LY
18,20 = p ‘18 18|_ap 3p Bp 3p % |
. g [PXL, 9%y Xy, 8Xyy X, Xy, BXy,
Prg,21 = Rig|l 5T Y IT t o7 3T T " 57 aT |
 BXpp  BXps  BX5p DXy Xy By Mgyl

3T 3T 5T~ ToT 8T .~ T T T |

4,2. 3 Calculation of the Preesure and Pfe’s sure"ﬁerivat’i\res

For subsonic flows, the pressure dlstrlbutmn is g1ven by the

pressure table and the pressure and pressure derivatives are calculated .

from ,
P=Plx)+ie| (x-x)+ 1 | (x- %)
- n) Tax| ¥ n 2 .. X n) _ _
X dx . . . )
n X o . : “ - o .,
2.1 )
-d-g = .d—?- + d P (x - ) “ v LT
BB, gl x )
n x N
) n
a’p - %P
2 " T2

where (1/2)(x T x ) <x (1/2)(x +x 1) and the. aubscrapt n refers
to the nth entry in the pressure and presaure der:vatwe ta.blea,

'For supersonic flows, the pressure is determined by mtegrati'on. R
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4.2.4 Calculation of the Area and Area Derivatives

For supersonic flow, the area and area derivatives are calculated

from

Q
1}

(o]

1/2
da _ 2x 5 [_.., 2 }
= =17z 1+ Rx* R x]

[ - 7]

2 [ { 1/2
da _ 2 % % _ L2
o2 o 12 + 3/2 1+R [R ]

[R‘?‘ -xJ [R* —x k
+ sz
rwl 2

when x < X, and

— M, _ 2

a = {rl-l- Lx XIJ tanel}

da _ ]

= - Z{rl-l- [x«xl] taneljtanel
2
9—%= Zttanze1
dx

when x > x
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4,2.5 Calculation of M‘2 and its Partial Derivatives

. 2 . . s
For supersonic flows, M~ and its partial derivatives are

calculated from

NERN
—th
aMZ-.—,-MZ 3Y-M2R =1, 2, -+, 18
ac, y Bc. R Ty T4 v e
j j
aM® _ 2m?
AV -V
am® __ M°
aT - T

where only the (8M2/3cj)'s of interest are calculated.

4,2.6 Calculation of S} and S, and Their Partial Derivatives

The summation terms Sl and S2 and their partial derivatives

are calculated from

1 18

51 * R .4 HBy

i=
as, 1 18 SIR'
331 1 1.2(:3 5 R
av - R .& Pi 19

i=1
5%, =1 ? B. ,oR
ap R i1 i,20771
331 Y 18 R
3T C R & Pty
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1 i
S, * vt L &M
i=1
9S 18 S
2 _ 1 2 _
3. “RT L, Py ®R Ry i=L2 0, 18
i=
85, , 18 h
5V © RT .4 Pi 19
i=1
1R
¥ o ¥
p KT .4 Pi20M
R U
8T - RT &P, 21" RT & 'ivpi ™ T

where the sums are performed cnly over the species of interest and

only the (851/8c;)'s and (852/8cj)‘s of interest are calculatec.
o

4,2.7 Calculation of B and Its Partial Derivatives

The z2nergy exchange term B and its partial derivatives are

calculated from

_Yy-1
B=1=s5s,
85

B _ vy -1 2 . 1 aY _ ]
ac. - v e, v ZS,3c » i=L 2 , 18
J J Y j
8B _ v -19%;
oV Yy 8V
9B _ vy -1
op Y dp
?-1-3-=Y'1—-asz+-1-s§r_
aT vy 9T Z 29T

Y

where only the (SB/acj)'s of interest are calculated.
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4,2.8 Calculation of A and Its Partial Derivatives

The diabatic heat addition term A and its partial derivatives are

calculated from

- A

= Sl - B
2a _ %% 8B o1 8
dc.  dc. Y '
‘ J J J
oA 95  p

av Vv v

8s,
8T = 8T ~ dT

where only the (8A/8cj)'s of interest are caiculated.

4,2.9 Caluclation of fi’ a, and ﬂi . for the Fluid Dynamic
Equations ')

oI (N S H BB S T S TR

{: For subscnic flows, rfi, a, and B, 3 for the fluid dynamic equations
; are calculated from the following relationships:
4 For V,

g

£, =L dP

E‘? 19 oV dx

i

0, =. L P

E B = - i £

; 19,19 p 19

: p - . 1_ £ )

% 19,23 © V19

i
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For p,
f.
20
20

P20, ;

B0,19 7

B20, 20

520,21

For T,

%21

B21,;

P21,19
B21,20

B2, 21

L

(1 dP 1.
| YP dx ah g
~ 2 N
dP 1(92) '
de Pidx P
p dP 3y 9A )
Al 0 )= ls 2)
YZP dx 9c. acj
., 0A
P 3V
1,084
p 20 e ap

where only the {320 j's of interest are calculated.

LREE L
- T g%,

..T.%S
’i“fu'T%E'*;'lZ’-%%xg'gl

where only the (321 j's of interest are calculated.
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[
3
i
=
s

%
.

i; For supersonic flows, fi, a. and -Bi § for the fluid dynamic
equations are calculated from the following relationships:
For V,
! flq = [1da _ ] ZV
9 L dx M2 -1
d 0.2 2 (93)" v
:% 19 a dx?. a \dx M2 -1
iz Pig,; = - 'z"l'“‘" f19 %Lcd i zV z;()cA v j=1 2,00, 18
) »J M -1 i M -1°
fg 5 Ll o oMt VA
:hg 19,19 VvV 719 MZ -y 19 8V ME -1 9V
i p = - 522
L:‘.‘ C -
| 19,20 MZ -1 9
i 2
2 5 .1 . Mm% vV oaaA
3
19,21 MZ -1 19 3T MZ .y o7

where oniy the (319 j’s of interest are calculated.

ki
TIPS,

g
For p,
[ = [A..}_ga]__mi__A 3
20 a dx Mz-l
1 d®a 1 {daa\? | eM2
% = 3| =2 -3 l& |02
dx N\ M™ -1
P 1 dalsM® o aA
Ba0,; = - > Z[A Ed_x}ac. " lac.'J“'z'
(M--l) /J - J
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_ p [A 1 da | om? p A
3 -7 _ 2 3 dm av > ryd
20, 19 - 2 £ L = d‘...j Uy M(a - 1 3V
(M - 1)
1 9A
ﬁ = - f - P .. 88
20,20~ p''20 T L2707 Bp
2
= -—P _|lpa_ldayaM° p 08A
B20,21 Y a dx] 5T 32 . OT
(M -1)
where only the [320 J.'s of interest are caiculatcd,
For T,
1 da’] M°
£, = w~1)[-—-— M - -BAT
21 a dx MS -}
2
o = .Yzl d_‘i-l(éi\z M’
2 2
- . -UT 1 dajbdM” 1) IM° _8A L 8B
le,j - > 2 R ety l)hdz p Oc. T 3¢,
M ) j - j j
+[ _ld_a].TMZ AL,
a dx Mz-lacj
. -UT [A ida 8M2+( ;) IM® 8A
B21,19 © Z|¥V " aax |V Z 3V
2 - M -1
M -1
™ A 5B
Par20 = - = — 55 - T5p
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[ R e

2 2
8 1l -_(_v.__-__z__lT.[e_-_l_ge BM” 1y IMT A
21,21 T 21 , , 21y a dx| 8T ~ce . 8T
(Ma-—l) J -1
2
r 8B  [4_ 1da]_T™® By
9T adx |2 | 8T

where only the ﬁZl j's of interest are calculated.

For P,
L da] ym?
22 = [A-;E.JMZ-I v
2
o= L[dfa _1faa\F] wymM®
22 a de a\dx MZ 1
6 = L, oam® vem® oA, T2z ey
. had ’ -
22,j MZ(MZ - 1) 22 8cj M% -1 acj Y %)cj
s e 1. et ypM® paA
22,197 T \ZiE - 22 3Vt Z 1 Y
vypm?
o . yeMl osa
22,20 = L2 %
1 aM®  ypm® aa | fazav

8 = ‘ ¢
22,21 MZ(M - 1) MZ -1

B22,22 7,

where only the }322 j's of interest are calculated.
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4,3 INTEGRATION SUBROUTINE

Given the derivatives (fi) and partial derivatives (ai and pi,j) of the
chemical relaxation equations and the fluid dynam‘c equations, this sub-
routine integrates these equations using the second order implicit integra-
tion method described in Section 3. The subroutine also determines the
integration step size required to maintain the integration accuracy within
prescribed bounds. These calculations are performed in the following order:

e Predicted values of the species concentrations and the

fluid dynamic variables at the next point in the nozzle
arc¢ calculated from the predictor formulas.

e Predicted values of the derivatives and partia! derivatives at
the forward peint are obtained from the Derivative Evaluation
Subroutine (described in Section 4. 2)using the predicted values
of the species concentrations and fluid dynamic variables.

e Corrected values of the species concentrations and the
fluid dynamic variables at the next point in the nozzle
are calculated from the.corrector formulas.

® The maximum allowable integration step size which will
maint2in the integration accuracy within the prescribed
bounds is calculated from the error formulas for the
integration step.

e On input option, corrected values of the derivatives and
partial derivatives at the new point are obtained from the
Lerivative Evaluation Subroutine (described in Section 4. 2)
using the corrected values of the species concentrations
and tne fluid dynamic variables.

e The integration then proceeds using a step size of 0.9,
the maximum allowable step size calculated for the
previous step.

If at any integration step, the step size exceeds the maximum
allowable step size for that step, the integration is repeated using a step

size of 0.9, the maximwm allowable step size for that step.

The calculations performed in this subroutine are described in

the followi: 7 sectiuns,
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4,3,1 Prediciion-Correcter Calculation

Predicted values of the species concentrations and the fluid dynamic
variables at the forward point are calculated by solving the set of nonhomo-
geneous algebraic equations

Z N
2 Py < k(P
( 'ﬁi,i,nh+pl,1,n2>k jg-iaijx_], ( 2 B, j»n ) j

b ' N P2
= (1 - ﬁi,i,ni) (f; o +a, - Z 6,8, ; (. +a. h)

where the sums are perfcrmed only over the species of interest. Using
the predicted values of the species concentrations and fluid dynamic vari-
ables, predicted values of the derivatives and partial derivatives at the
forward point are obtained from the Derivative Evaluation Subroutine.
Corrected values of the species concentrations ard the fluid dynamic
variables at the forward point are calculated by solving the set of non-

homogeneous algebraic equations

’

N N
2 (C) h}, (C)
(1 "By i, netB TP, n+1T)k j; 85P4, 5, n+1(1 - i; B4, 3, n+1'z')kj h
N 2 2

) h h h
= (1 'p;,i,n+1?)fi,n+1 h-j§=:1 8iPi, i nt1Y, ntt 7T 7 %, n#t T

N N ‘ -

(P) -
g i, jonti ( i§=:1 B1,J,n+1 f)k h ‘ '

In the subsonic nozzle inlet, the number of equations (N) to ' e solved
is 21 while in the supersonic nozzle expansion cone, the number of equa-

tions to be solved is 22 since the pressure is determined from the pressure
table in the subsonic nozz!le inlet.
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4.3.2 Maximum Allowable Integration Step Size Calculation

The maximum allowable integration step size for each equation is

calculated from

1/2
65 k) K
= il
i, max ~ N N
% n’t .; B, nf5n (%, ntt t & By 5, netl), ntt
1 j= j=1
The smallest h, is taken as the maximum allowable in’c gration step

i, max
size for the integration step. If at any integration step, the step size

exceeded the maximum a«llowable step size for that step, the integration
is repeated using a step size of 0.9, . .« iaximum allowable step size
for that step. On input option, corrected values of the derivati-es and
partial derivatives at the new point are cbtained fror the Derivative
Evaluation Subroutine using the corrected values of the species concen-
trations and the fluid dynamic variables. The integration then proceeds
using a step size of 0.9, the maximum allowable step size calculated for

the previous step.
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4.4 SPECIES THERMAL FUNCTION SUBROUTINE

Given the temperature, this subroutine calculates the species free
energy (F, ), enthalpy (h ), heat capacity (C ) and the heat capacity tem-
perature der1vat1ve (d("p ./dT), For the spec1es of interest, these quan-
tities are calculated from

F.(nAT,.) - h.(nAT..) C .(nAT,.) .,
_ i T i T _ 1 7pi T 2
F, = F.(ndT ) + ST (T - rAT) z"P'_—nATT (T - nar,)?
= b,(nAT ) + C_(nAT 1 )(T - nAT.) + "Z__LQT (T - naT )
nA~TT
2
C.=C .(nAT.) + —21 (T-nAT)+lii—EP—i T - nar,_)?
el ptorT! T AT |nAT T2 2 \v T T)
T nAT :
~ T
dcﬁi i dZCEi
— = - - .
3T -~ AT t— (T - n&T.;)
nAT.. dT
T mATT ’ ¥

when |T - nAT | = (I/Z\nAT If |7 - nATT| =-(1/2)nAT,,,, n is set ,
equal to the 1nt:eger rearest '1‘ ATT and new values of ¥ (nATT) h, (nAT,.,){‘

C (nA1 ) dC /dT|nATT and dZC /CT |nATT are obtained from the -
thermal fum:tlon tables. -

4.5 EQUILIBRIUM FUNCTION SUBROUTINE

Given the temperature and species thermal functions, this subroufine’
calculates the dissociation-recombination reaction equilibrium constants
and their temperature derivatives. For the reactions of interest, these

quantities are calculated from g

Keaction 1, CO, + M —=c0 + 0O +M
K. o 13.9430 -[as) I THF - Fy-F o]
17T ¢ e L

. 1 rAH : S P Kl
IE O[T Lt F3tFgthy mhy s hyg -l
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s

P

-“ce

Reaction 2, HLO+ MZTOH+ H+ M

2
_ 130295 ° [(aH, / THF,-F | -F ]

1’ 16 2
Reaction 3, CO+ MeoC + 0+ M

- 9.39381 ° [(aH;/T)+75-F 5-F o]
351

dK AH

3 3

Reaction 4, Cl1, + M T2Cl+ M

w o 242742 T [(aH I TIHF 4-2F | ]

4 T
AH \ K
4 4 i 4
’cTI“"("T“'_‘F4+ZF14+h4'Zh14” g

Reaction %, F2 + MZZ2F+ M

« . 13.007¢ ° (a5 /T)+Ty-2F ]
. = T —_—

Re ction 6, HCl+ Mo TH + Cl1 + M

_1.34206 ° [(aH/ TIHF - F | 4-F ]
6= T °

dK =(A.H6

K

d
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Reaction 7, HF + Mg-H + F + 14

_1.31064 e"[(AH’:/T) HF4-F ) 5-F )]

K, T
dK., (AH, X,
3T~ T"F7+F15+F16’h7“h15'h16‘1)"'1*‘

Reaction 8, H, + M .-2H+ M

2
K - 0.690093 ~ [taHg/ T)+Fg-2F | ]

8 - T ¢
:‘Ifﬁ.:f‘f_{_&_p +2F,, +h, - 2h., - g
ar =\ T 8 16 + Pg 16 T

Reaction 9, N2 + MIT2N + M

_9.59012 " [AHg/THFG-2F ]

o 9 T
7t
dK AH K
g [AHg 9
3T '(T ‘F9+2r17+h9'“h17‘1)T

Reaction 10, NO+ MZEN+ O+ M

_10.2267 ° [(ar, o/ THF | -F 7+ F o]

IR RSN G :v't,..‘"l -
R e 5 g o

L
R

K

10°°F
dK AH K
10 _ (Mo 10
T '”( T ~Fipt F) tFygthyg-hyg-hyg- 1)‘1‘“’

Reaction 11, OH+ MO +H + M

_1.29840 ~LaH JTHF, - -F ]
1Tt ¢

I L YL ST ISR AT e ,
MRS B R T By R e

25,":55

K

R

Gt Ry

ke VO ol ¥ F,,+F  +F . _+h,,-h ,-h -131-1-l
dT b(T B B ] 16 " 18 11 ~ 716 18 T

3078 SRR
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¥

Reaction 12, O, + MZZ20 + M

2
« - 10.9339 - [(as 5/ TIHF -2 ]
121 ¢
dK AH \ K
12 12 o . 12
aT ‘(T 'flz*‘Fls*“lz‘Zhls'1)""1"_

4,6 GAS THERMAL FUNCTION SUBROUTINE

Given the flow properties at a point, this subroutine calculates the
mixture gas constant, heat capacity, gamma and it's partial derivative o:

gamma from the following relationships

18

R = c.Ri
i=1 !
18

C = c.C .

P i=1 1 p1
C

y =P
Cp - R

0 R CD‘\
j Y,
1
oy . _ybv -1 0 9%i
oT & i dT
p i=l

The sums are performed only over the species of interest.
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4,7 OUTPUT SUBROUTINE

The output subroutine processes the output data, converte the data
to the proper units ana calcuiates the required output quantities. These

calculations are performed in the folilowing order.
¢ The pressure is converted to psia.

® The species mass fractions are converted to mole
fractions.

®» The performance parameters are calculated.

® The gas static enthalpy and the percentage total enthalpy
change during the integration from the chamber are
calculated.

® The entropy change from the chamber is calculated.

& The average expansion coefficients are calculated.

The calculations performed by this subroutine are described in

the fcllowing sections.

4.7.1 Piessure Conversion

The pressure (in psia) is calculated from

. . P
Plpsia) = 3733743

4.7.2 Species Concentratior Conversion

The species mole fractions are calculated from

R.
c = = c
i,m R ~i

4,7.3 Performance Parameter Calculation

At the throat, the characteristic exhaust velocity is calculated from

P

_ "¢
C* - P*V*
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The vacuum specific impulse is calculated from

o1 P
lep = 32173 (V * pV)

The vacuum thrust coefficient is calculated from

I

= R
Cp = 32.174 =

4.7.4 Enthalpy Calculations

The gas static enthalpy is calculated from

18

h = E c.h.
R 1 1
1=

where the sura is performed only over the species of interest. The
percentage total enthalpy change during the integration from the chamber

is calculated from

AHT(%) = 1001 -

4.7.5 Entropy Change Calculation

The entropy change from the chamber is calculated from

-5 18
AS(Btu/1b °R) = > 995‘?} 10 Zl c.(h, - F.) -8
i:' 1 1 1 C

where the sum is perfofmed only over the species of interest.

4,7.6 Average Expansion Coefficient Calculations

At the throat, the average température expansion coefficient is

calculated from



In the expansion cone, the average temperature expansion coefficient

is calculated by iteration from

NSV L 4
T - LG; -1

where

n| —F— ¢ -1-9--1—‘
n ) e | -7
2

T
c

In N(Tn)_+ ; T

and Ng) is the last average temperature expansion coefficient calculated.

The average pressure expansion coefficient is calculated by iteration

f:om -
e -
,_ l N(;‘)-UN(;)—I
Ng‘”) =-21n isp- 1né g___ 2l (’_.P_)
(n) | P
c N -1 | \" ¢
L\ ; N
., NNty '
N 4 >
P

2

J -l
where N(I:) is the last average temperature expansion coefficient calculated.

“The average expansion gamma is calculated from

_ in -PE:-:-
Y = —
In -£& )
Pe v,

[¢3
N
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